Abstract. The CW structure of certain spaces, such as effective orbifolds, can be too complicated for computational purposes. In this paper we use the concept of q-CW complex structure on an orbifold, to detect torsion in its integral cohomology. The main result can be applied to well known classes of orbifolds or algebraic varieties having orbifold singularities, such as toric orbifolds, simplicial toric varieties, torus orbifolds and weighted Grassmannians.
Introduction
Recent years have seen the development of an abundance of specialized tools for the study of orbifolds. A variety of cohomology theories have been crafted specifically to investigate particular classes of orbifolds arising in complex geometry, algebraic geometry, symplectic geometry and string topology. Among these are: the de Rham cohomology of orbifolds [ALR07, Chapter 2], orbifold Dolbeault cohomology [Bai54, Bai56, Sat56] , Bott-Chern orbifold cohomology [Ang13] , orbifold quantum cohomology [CLCT09, Section 2.2.5], intersection homology [GM80] and the ChenRuan orbifold cohomology ring [CR04] .
These theories do yield information about the ordinary singular cohomology of orbifolds but the coefficients tend to be real, complex or rational, as appropriate. In general, the singular integral cohomology ring of a given orbifold remains sometimes intractable object, difficult to compute.
Among orbifolds for which the integral cohomology ring does succumb to the traditional methods of algebraic topology, are those having cohomology which can be shown to be concentrated in even degree. The prime example is that of weighted projective spaces. Additively, their integral cohomology agrees with that for ordinary projective spaces but the ring structure is complicated by an abundance of divisibility arising from the weights, [Kaw73, AA97] , [BSS17, Section 5.1]. Included also in this class of "nice" orbifolds are: weighted Grassmannians [CR02, AM15] , certain singular toric varieties, toric orbifolds 1 , and orbifolds which arise as complex vector bundles over spaces with even cohomology.
With this in mind, the determination of verifiable sufficient conditions on an orbifold, which ensure that the integral cohomology is concentrated in even degrees, becomes a natural question. Motivated by Kawasaki's computation for weighted projective spaces, the approach taken here begins by identifying classes of orbifolds which can be constructed by a sequence of canonical cofibrations, in a manner not unlike that for CW complexes. We employ ideas originated by Goresky in [Gor78] and developed in a toric context by Poddar and Sarkar in [PS10] . Confounding the process however, is the ineluctable need to replace ordinary cells with "q-cells", the quotient of a disc by the action of a finite group. The task reduces then to keeping at bay the intrusion of torsion into odd cohomological degrees.
The basic structure of a q-CW complex is reviewed and developed further in Section 2. We note in Proposition 2.4 that a q-CW complex is homotopic to a simplicial complex. In order to compute the integral cohomology of a q-CW complex inductively, using a specific sequence of cofibrations, we introduce the notion of a building sequence {(Y i , 0 i )} i=1 . Here, Y i is obtained from Y i−1 by attaching a q-cell of the form e ki /G i , where e ki is an open disc and G i is a finite group acting linearly. The image of the origin 0 i in the q-cell e ki /G i plays an important role.
The results in the following sections are anchored in the observation that when a finite group G acts linearly on a closed disc D n , the torsion which can arise in H * (S n−1 /G; Z) depends on |G| only. In particular, we conclude that if p is co-prime to all the primes dividing |G|, then H * (S n−1 /G; Z) has no p-torsion. Section 3 contains the main theorem about q-CW complexes.
Theorem 1.1. Let X be a q-CW complex with no odd dimensional q-cells and p a prime number. If {(Y i , 0 i )} i=1 is a building sequence such that gcd{p, |G i |} = 1 for all i with e 2ki /G i = Y i \ Y i−1 , then H * (X; Z) has no p-torsion and H odd (X; Z p ) is trivial.
Successive applications of this theorem yield its important theorem. Theorem 1.2. Let X be a q-CW complex with no odd dimensional q-cells. If for each prime p there is a building sequence {(
, then H * (X; Z) has no torsion and H odd (X; Z) is trivial.
Applications and examples are given in Section 4. The topological construction of a toric orbifold X(Q, λ), arising from a simple polytope Q and an R-characteristic pair (Q, λ), is reviewed in Subsection 4.1. Then, we re-visit the notion of a retraction sequence of triples, {(B k , E k , v k )} k=1 , for a simple polytope Q, which was introduced in [BSS17] . Each space B k is a polytopal complex obtained by removing successively, carefully chosen vertices, beginning with Q itself. Each E k is a particular face in B k and v k is a special vertex in E k called a free vertex. Then Proposition 4.4 provides the means by which we can use a q-CW structure to study toric orbifolds. So, a toric orbifold which satisfies the hypothesis of Theorem 1.2 has cohomology which is concentrated in even degrees. Moreover, from the point of view of retraction sequences, the orders |G i | appearing in Theorem 1.2, are computable explicitly from the R-characteristic data (Q, λ), which may be denoted as g Ei (v i ). This result appears in Theorem 4.6. An example is given next which proves that the gcd condition in Theorem 4.6 is weaker than the hypothesis of [BSS17, Theorem 1.1], the main result in that paper about the integral cohomology of toric orbifolds.
Our attention turns in Subsection 4.2 to the study of certain projective toric varieties. Following a brief review of the basic construction of a toric variety X Σ from a fan Σ, we note that a simplicial polytopal fan arises as the normal fan of a simple polytope Q. Moreover, the fan determines an R-characteristic pair (Q, λ). In Subsection 4.3, retraction sequence techniques are shown, under certain conditions, to apply equally well to a generalization of a toric orbifold called a torus orbifold , introduced by Hattori and Masuda [HM03] . Here, the simple polytope Q is replaced by a manifold with corners P which has additional properties. As observed by Masuda and Panov [MP06, Section 4.2], they too can be constructed by an R-characteristic pair (P, λ). This allows us to obtain a result for torus orbifolds similar to Theorem 4.6.
A discussion of weighted Grassmannians follows in Subsection 4.4. Abe and Matsumura [AM15, Section 2] show that the Schubert cell structure, which is indexed by Young diagrams, determines a q-cell structure on weighted Grassmannians. This allows for an application of Theorem 1.1 at the end of this subsection.
The paper concludes with a discussion of q-CW complexes which may have odd dimensional q-cells. The main theorem gives a condition on a prime p and a building sequence {(Y i , 0 i )} i=1 for a q-CW complex X which ensures that H * (X; Z) has no p-torsion. Also a condition of having p-torsion in H * (X; Z) is given. 
q-CW complexes
In this section, we introduce the notion of q-CW complex structure in which the analogue of an open cell is the quotient of an open disk by an action of a finite group. The construction mirrors the construction of ordinary CW complexes given, for example, in Hatcher [Hat02] . We note that q-CW complex structures were used to compute the rational homology of certain singular spaces having torus symmetries in [PS10] .
Definition 2.1. Let G be a finite group acting linearly on a closed n-dimensional disc D n centered at the origin. Such an action preserves ∂D n = S n−1 . We call the quotient D n /G an n-dimensional q-disc. If e n is G-equivariantly homeomorphic to D n , we call e n /G a q-cell. By abuse of notation, we shall denote the boundary of e n by S n−1 without confusion.
A q-CW complex is constructed inductively as follows. Start with a discrete set X 0 , where points are regarded as 0-dimensional q-cells. Inductively, form the n-dimensional q-skeleton X n from X n−1 by attaching finitely many n-dimensional q-cells {e n /G α } via continuous maps {φ α } where φ α : S n−1 /G α → X n−1 . This means that X n is the quotient space of the disjoint union X n−1 α {e n /G α } of X n−1 with a finite collection of n-dimensional q-disks e n /G α under the identification
If X = X n for some finite n, we call X a finite q-CW complex of dimension n. The topology of X is the quotient topology built inductively. We say Y is a q-CW subcomplex of X, if Y is a q-CW complex and Y is a subset of X. Definition 2.2.
(1) Let 0 i ∈ X denote the image of origin in the q-cell e ki /G i . We call 0 i a special point corresponding to the i-th q-cell. We may also refer to 0 i as a special point of X.
(2) Let Y be a q-CW subcomplex of a q-CW complex X. Then a special point 0 i ∈ Y is called free in Y if there is a neighborhood of 0 i in Y homeomorphic to e k /G i for some k ∈ Z ≥0 and finite group G i .
Remark 2.3.
(1) Every finite q-CW complex has a free special point. A finite q-CW complex can be obtained by attaching one q-cell at each time. Attaching q-cells need not be in increasing dimension. (2) If 0 i is a free special point of a q-CW complex Y , then Y can be obtained from a q-CW subcomplex Y by attaching a q-cell e ki /G i . In this case, the natural deformation retract from (
/G i and the previous remark implies that the following is a cofibration:
where φ i is defined by the deformation retraction. (4) If k i = 0, 1, 2 then e ki /G i is homeomorphic to a closed disc of dimension k i . So attaching e ki /G i is nothing but attaching a disc of dimension 0, 1 or 2. Hence we may assume G i is trivial in these cases. (5) Following Goresky [Gor78] one may obtain a CW structure on an effective orbifold. Often however, it is too complicated for computational purpose.
Proposition 2.4. If X is a q-CW complex, then X is homotopic to a simplicial complex.
Proof. We prove it by induction. By definition of q-CW complex, X 0 has a simplicial complex structure. Suppose by induction, the space X i−1 has a simplicial complex structure. Assume that X i is obtained by attaching a q-cell e k /G i via the map φ i : S k−1 /G i → X i−1 . Using Theorem 3.6 of Illman [Ill78] , we get a simplicial complex structure on e k /G i . Then by the simplicial approximation theorem ([Hat02, Theorem2C.1]), there is a homotopy from φ i to a simplicial map
Then one can complete the proof by following the arguments in the proof of Theorem 2C.5 of [Hat02] . Now, we introduce the following definition of building sequence which enables us to compute the integral cohomology ring of certain spaces with q-CW complex structure and detect the existence of p-torsion.
Definition 2.5. Let X be a finite q-CW complex with many q-cells e ki /G i for i ∈ {1, . . . , } and 1 ≤ k i ≤ dim X. Let Y i be i-th stage q-CW subcomplex of X and 0 i a free special point in Y i . We say {(Y i , 0 i )} i=1 is a building sequence for X.
We recall that the finite group G acts on D n linearly. Thus the boundary S n−1 is preserved by G-action. The quotient space S n−1 /G is called an orbifold lens space in [BSS17] . We call a finite group K a |G|-torsion if K is trivial or the prime factors of the order |K| is a subset of the prime factors of |G|. Now, the transfer homomorphism [Bor60, III.2] leads us the following lemma.
Proposition 2.6. The homology of an orbifold lens space S n−1 /G is
In particular, if G-action preserves the orientation of S n−1 , then
where X is a locally compact Hausdorff space, G is a finite group and k is a field of characteristic zero or coprime to |G|,
The result follows now from the universal coefficient theorem. In particular, if G-action preserves the orientation, then
The universal coefficient theorem leads to the following.
Corollary 2.7. If p is coprime to the prime factors p 1 , . . . , p r of |G|, then the group H * (S n−1 /G; Z) has no p torsion and
We end this section by discussing the degree of an attaching map. Let X be a q-CW complex and φ : S k /G → X j ⊆ X an attaching map where X j is the j-dimensional q-skeleton. Then φ induces homomorphisms
is isomorphic to Z s ⊕ K for some non-negative integer s and finite group K. By Proposition 2.6, we have
The next definition of degree will play an important role in Section 5.
If all d 1 , . . . , d s are zero or H k (X j ; Z) has no free part, then we define degree of φ to be 0.
Integral homology of q-CW complexes with cells in even dimensions
This section is devoted to the proof of Theorem 1.1, which gives a sufficient condition for determining the torsion in the cohomology of certain families of finite q-CW complexes. Notice that one can verify Theorem 1.2 by applying Theorem 1.1 for each prime p.
Proof of Theorem 1.1. We prove the claim by the induction on the free special points in the sequence {(Y i , 0 i )} i=1 . First, notice that if i = 1, Y i is a point and if i = 2 then Y i is a q-CW complex obtained by attaching an even dimensional q-cell to a point. That is, Y 2 is homeomorphic to a suspension on S 2ki−1 /G i . Then by Proposition 2.6, the claim is true. Now we assume that H * (Y i−1 ; Z) has no p-torsion and H odd (Y i−1 ; Z p ) is trivial for i > 1. To complete the induction, we shall prove that the same holds for Y i . Note that Y i can be constructed from Y i−1 by attaching a q-cell e 2ki /G i to it. So we have the cofibration:
This cofibration induces the following long exact sequence in homology,
Suppose that j is odd. By the induction hypothesis, the group
Next, we assume that j is even. Then, in the exact sequence (3.2), the groups
has no p-torsion. This completes the induction.
Applications and Examples
The goal of this section is to illustrate the results of Section 3 with some broad applications which improve upon certain previous results. 4.1. Toric orbifolds. Toric orbifolds were introduced in [DJ91] and explicitly studied in [PS10] 2 . In [BSS17] , the authors introduced the concept of a retraction sequence 3 for a simple polytope and discussed the integral homology and cohomology of toric orbifolds. In this subsection we show that a retraction sequence determines a q-CW structure on the toric orbifold and then we compare the main theorem of [BSS17, Theorem 1.1] and Theorem 1.2. For convenience we adhere the notation of [BSS17] .
We begin by summarizing the definition of a retraction sequence of a simple polytope. Given an n-dimensional simple polytope Q with vertices, we construct a sequence of triples
The first term is defined by B 1 = Q = E 1 and b 1 is a vertex of B 1 . Next, given If a vertex b k exists in B k satisfying that b k has a neighborhood homeomorphic to R d ≥0 as manifold with corners for some d ∈ {1, . . . , dim B k }, then we let E k be the unique face containing b k with dim E k = d. We call b k a free vertex of B k . Such a sequence is called a retraction sequence for Q if the sequence ends up with (B , E , b ) such that B = E = b for some vertex b ∈ V (Q).
We call a simple polytope Q admissible if there exists at least one free vertex in each polytopal subcomplex B k defined in (4.1). Hence, given k-th term B k as defined in (4.1), any choice of free vertex of B k defines a retraction sequence. Two different retraction sequences of a prism are described in Figure 1 below, which shows that the prism is admissible by its symmetry.
• b1
• b2
Figure 1. Two retraction sequences.
Next, we recall briefly the construction of toric orbifolds. A toric orbifold is constructed from a combinatorial pair (Q, λ), called an R-characteristic pair, of an n-dimensional simple convex polytope Q and a function
where F(Q) is the set of codimension one faces of Q, called facets, and λ satisfies the following condition:
We call such a function λ an R-characteristic function on Q. For the notational convenience, we sometimes denote λ i = λ(F i ) and call it an R-characteristic vector assigned to the facet F i .
Remark 4.1. One example of such a function can be provided by a simple lattice polytope which is a simple polytope obtained by the convex hull of finitely many lattice points in Z n ⊂ R n . One can naturally assign each facet of simple lattice polytope its primitive normal vector as an R-characteristic vector. Such a polytope is one of the key combinatorial objects in toric geometry, as we shall explain briefly in the next subsection.
We may regard Z n , the target space of λ, as the Z-submodule of the Lie algebra of T n . Let E(x) = F i1 ∩ · · · ∩ F i k denote the face with x in its (relative) interior, and T E(x) ∈ T n the subtorus generated by the images of λ(
Then, given an R-characteristic pair (Q, λ), we construct the following quotient space
where (x, t) ∼ λ (y, s) if and only if x = y and t −1 s ∈ T E(x) . Now X(Q, λ) has an orbifold structure induced by the group operation as described in [PS10, Section 2]. The natural T n -action, given by the multiplication on the second factor, induces the orbit map Notice that the preimage π −1 (F i ) of a facet F i is a codimension 2 subspace fixed by a circle subgroup of T n generated by λ i . Moreover, the preimage π
is also a toric orbifold for each face E of Q, whose R-characteristic pair is described below.
As above, let E = F i1 ∩· · ·∩F i k be a face of codimension k in Q, where F i1 , . . . , F i k are facets. One can define a natural projection
where (span Z {λ i1 , . . . , λ i k } ⊗ Z R) ∩ Z n is a free Z-module of rank k. We regard E as an independent simple polytope whose facets F(E) are of the form:
Now, the composition of the maps ρ E and λ yields an R-characteristic function for E (4.6) λ E : F(E) → Z n−k , defined for λ E (E ∩ F j ) to be the primitive vector of (ρ E • λ)(F j ). Indeed, condition (4.2) for the R-characteristic function λ E follows naturally from λ. Next, we define certain integers associated to each vertex. Let v be a vertex of Q and E a face of codimension k containing v. Then, there are facets F j1 , . . . ,
where t denotes the transpose. In particular, when
Given an R-characteristic pair (Q, λ) and each term (B i , E i , b i ) of a retraction sequence of Q, we denote naturally g Bi (v) := g Ei (v) for each free vertex v of B i , which makes the statement of Theorem 4.3 simpler.
Remark 4.2. The number g E (v) encodes the singularity of X(E, λ E ). Indeed, the local group of the orbifold chart around the point π
, where π E : X(E, λ E ) → E is the orbit map, has the order g E (v).
The next theorem gives a sufficient condition ensuring that the cohomology of a toric orbifold is concentrated in even degree and torsion free. We remark that [BSS17, Theorem 1.1] was proved for toric orbifolds over admissible simple polytopes, but it was not mentioned explicitly. Retraction sequences and building sequences are related by the following.
is a retraction sequence of an n-dimensional simple polytope Q and (Q, λ) is an R-characteristic pair, then it induces a building sequence {(
Proof. Let E i be a face of Q with dim E i = n − k, and U i the open subset of E i obtained by deleting the faces of E i not containing the vertex b i . Observe that b i = n−k j=1 (E i ∩F ij ) for some facets F i1 , . . . , F i n−k of Q and U i is homeomorphic to R n−k ≥0 as manifold with corners. Note that π −1 (E i ) is a toric orbifold and homeomorphic to X(E i , λ Ei ), see [BSS17, Proposition 3.3]. So, we can apply the orbifold chart construction on a toric orbifold described in [PS10, Subsection 2.1] to get that π −1 (U i ) is homeomorphic to the quotient of an open disc D 2(n−k) by a finite group G i which is given by
Since Q = i=1 U i , we get a q-CW complex structure on X(Q, λ) with q-cells
We note that the order |G i | is exactly g Ei (b i ) defined as in (4.7).
Proposition 4.5. If a toric orbifold X(Q, λ) satisfies the assumption of Theorem 4.3, then it satisfies the assumption of Theorem 1.2.
Proof. Let X(Q, λ) be a toric orbifold over an n-dimensional admissible simple polytope Q with vertices, and p a prime. Since B 1 = Q, we have
and so there is a b 1 ∈ V (Q) such that gcd{p, g Q (b 1 )} = 1. We consider (B 1 , E 1 , b 1 ) = (Q, Q, b 1 ) for the first step of the retraction sequence. Since Q is simple, B 2 has n many free vertices, say {v i1 , . . . , v in }, namely, the ones at the ends of the n deleted edges joining b 1 . The assumption of Theorem 4.3 implies that gcd{g B2 (v i1 ), . . . , g B2 (v in )} = 1, which guarantees that there is a vertex b 2 ∈ {v i1 , . . . , v in } with gcd{p, g B2 (b 2 )} = 1. Let E 2 be the face of B 1 = Q determined by the edges of B 2 which intersect b 2 . So (B 2 , E 2 , b 2 ) can be a second term of a retraction sequence. Since Q is an admissible simple polytope, then B 3 has at least one free vertex. Continuing this process, since the number of vertices = |V (Q)| is finite, one get a retraction {(
Q such that gcd{p, g Ei (b i )} = 1 for i = 1, . . . , . Therefore the result follows from Proposition 4.4 and its proof.
The next theorem is the direct application of Theorem 1.2 to toric orbifolds.
Theorem 4.6. Let X(Q, λ) be a toric orbifold. If, for each prime p, there is a retraction sequence {(
is torsion free and concentrated in even degrees.
Proof. The proof follows from Proposition 4.4 and Theorem 1.2.
The next example illustrates the fact that the converse of Proposition 4.5 is not true in general. Hence, Theorem 4.6 generalizes Theorem 4.3.
Example 4.7. In this example we construct a toric orbifold which satisfies the condition of Theorem 4.6, but fails to satisfy the hypothesis of Theorem 4.3. Consider the R-characteristic pair (Q, λ) illustrated in Figure 2 . One can compute that
Now we consider two different retraction sequences of Q, as in Figure 3 . The first retraction sequence is given by
which is illustrated in Figure 3 -Retraction (a). In the second term of the sequence (4.9), we compute g F6 (v 236 ) as follows; since (span{λ(F 6 )} ⊗ Z R) ∩ Z 3 = span{(2, 1, 0)}, a choice of basis {(1, 0, 0), (2, 1, 0), (0, 0, 1)} of Z 3 induces the R-characteristic function Figure 3 . Two retraction sequences of Q.
on F 6 defined as in (4.6) by
Similarly, one can compute the integers defined in (4.7) with respect to the retraction sequence (4.9) as follows:
Hence, the R-characteristic pair (Q, λ) defined in Figure 2 satisfies the hypothesis of Theorem 4.6. Next, we consider a retraction sequence whose first choice of free vertex is v 126 , see We begin by reviewing briefly the definition of cones and fans. A cone is a positive hull of finitely many elements in N R . To be more precise, for a finite subset S = {v 1 , . . . , v k } ⊂ N R , the cone of S is a subset of N R of the form
To each cone σ = Cone(S), one can associate a dual cone σ ∨ ⊂ M R , where M R is a vector space dual to N R , defined as follows:
One can easily see that (σ ∨ ) ∨ = σ. A cone σ 1 := Cone(S 1 ) is called a face of another cone σ 2 := Cone(S 2 ) if there is a vector w ∈ σ ∨ 2 and corresponding hyperplane H w := {x ∈ N R | w, x = 0} such that σ 1 = H w ∩σ 2 and σ 2 lie in the positive half space H
The set of one dimensional face of a cone σ is called the generating rays of σ. A cone σ is called strongly convex if it does not contain a nontrivial linear subspace of N R , and is called simplicial if its generating rays are linearly independent in N R .
Let M be the lattice dual to N . The lattice points S σ := σ ∨ ∩ M form a finitely generated semigroup (see [CLS11, Proposition 1.2.17]) which yields an algebraic variety
which is called the affine toric variety associated to a cone σ.
Remark 4.8. Every affine toric variety U σ associated to a cone σ ∈ N R equips with the action of (C * ) n , which is obtained by identifying ( A fan Σ in N R is a finite collection of strongly convex cones such that (1) if σ 2 ∈ Σ and σ 1 is a face of σ 2 , then σ 1 ∈ Σ; (2) if σ 1 , σ 2 ∈ Σ, then σ 1 ∩ σ 2 is a face of both σ 1 and σ 2 .
One natural way of defining a fan in toric geometry is to use a full dimensional lattice polytope Q ⊂ M R , see Remark 4.1. To be more precise, let F(Q) = {F 1 , . . . , F m } be facets of Q as in Subsection 4.1. For each i, let λ i ∈ N denote the vector such that (4.10) Q = {y ∈ M R | y, λ i + a i ≥ 0 for some a i ∈ Z with i = 1, . . . , m}.
Observe that λ i in (4.10) represents the inward normal vector of the facet
Then we can associate a cone σ E to each face E of Q as follows:
The fan Σ Q associated to a lattice polytope Q, which is called the normal fan of Q, is the collection {σ E | E is a face of Q} whose face structure naturally follows from the face structure of Q. In general, we call a fan Σ polytopal if Σ is a normal fan of a lattice polytope.
Finally, the toric variety X Σ corresponding to a fan Σ is defined by taking disjoint union σ∈Σ U σ and the gluing is by rational maps determined by the generating rays of two cones σ 1 and σ 2 with nonempty intersections. In particular, the torus (C * ) n ∼ = U {0} ⊂ U σ of each affine toric variety is identified by the gluing, so yields the action of (C * ) n on X Σ . Further details may be found in [Ful93, Section 1.4].
It is well-known from literature, such as [CLS11, Ewa96, Ful93] , that a fan Σ is polytopal if and only if the corresponding toric variety X Σ is projective, and Σ is simplicial, i.e., Σ consists of simplicial cones, if and only if X Σ is an orbifold.
Observe that if a polytopal fan Σ is simplicial, then the corresponding polytope Q is simple. Moreover, the primitive inward normal vector λ i of each facet F i ∈ F(Q) satisfies the condition (4.2) since Q is a simple lattice polytope. Hence, such a fan Σ naturally yields an R-characteristic pair (Q, λ), introduced in Subsection 4.1, by defining λ(F i ) to be the primitive inward normal vector of a facet F i ∈ F(Q), see Remark 4.1.
In particular, if an R-characteristic pair (Q, λ) is defined from a polytopal fan Σ as above, then one can show that there is a T n -equivariant homeomorphism
where T n -action on X(Q, λ) is the multiplication on the second factor (see (4.3)) and T n -action on X Σ is provided by regarding T n as a compact torus in (C * ) n , see [CLS11,  Chapter 12] and [DJ91, Section 7]. Hence, one can apply theorems of Subsection 4.1 to a projective toric variety from a simplicial fan, i.e., a toric variety from a normal fan of a simple lattice polytope.
Recently, the authors of [BSS17] computed the integral cohomology ring of certain toric varieties associated to a normal fan Σ of a simple polytope Q. Theorem 4.9. Let X Σ be a projective toric variety associated to a normal fan Σ of a simple polytope Q with m facets. If for each prime p there is a retraction sequence
where I is the Stanley-Reisner ideal of Q and J is the ideal generated by linear relations
where degx i = 2, e j denotes the j-th standard unit vector in Z n and λ i is defined by (4.10).
Torus orbifolds.
A torus orbifold is a 2n-dimensional closed orbifold with an action of the n-dimensional real torus with non-empty fixed points. Introduced by Hattori and Masuda [HM03] , they are a far reaching generalization, beyond the spaces X(Q, λ), of singular toric varieties having orbifold singularities. In this subsection, we recall the definition of locally standard torus orbifolds and apply Theorem 1.1 and 1.2 on this class.
The faces of a manifold with corners can be defined following [Dav83, Section 6] . A manifold with corners is called nice if a codimension 2 face is a connected component of the intersection of two codimension 1 faces. Let P be an n-dimensional nice manifold with corners and F(P ) = {F 1 , . . . , F m } the codimension-1 faces of P . One can define R-characteristic function λ on P satisfying the condition (4.2). In Figure 4 , we give some examples of nice manifolds with corners and R-characteristic functions on them.
A torus orbifold X P (λ) from a pair (P, λ), where P is a nice manifold with corners and λ is an R-characteristic function on P , can be defined similarly to the construction of a toric orbifold from an R-characteristic pair, see for example [KMZ, MMP07, MP06] and (4.3) in Subsection 4.1. Moreover, all the notation of the local structures, such as g Q (v) and g E (v) of a toric orbifold in Subsection 4.1 naturally extends to a torus orbifold X P (λ). We remark that a certain non-convex manifold with corners and corresponding torus manifolds are studied in [PS15] .
Example 4.10. In this example we exhibit two 3-dimensional manifolds with corners and an R-characteristic function on each. The figure (a) is a cylinder over an eye-shape, which is not a simple polytope. In figure (b) , the intersection of the facets ABCDEF and BCHEF G is the disjoint union of edges BC and EF , so it is also not a simple polytope. We remark that a retraction sequence may exist for a nice manifold with corners which is not necessarily a simple polytope; see Figure 5 for an example. We also note that if {(B i , E i , v i )} i=1 is a retraction sequence of a nice manifold with corners P and X P (λ) is a torus orbifold, then one can construct a building sequence for X P (λ) analogous to Proposition 4.4. Now we can apply Theorem 1.2 to these class of orbifolds.
Corollary 4.11. Let X P (λ) be a torus orbifold over the nice manifold with corners P . If for each prime p there is a retraction {(
is torsion free and concentrated in even degrees. and its q-CW structure [AM15, Section 2]. In addition, we show an application of Theorem 1.1 to certain weighted Grassmanians.
4.4.
We first consider the action of the general linear group GL n (C) on the d-th exterior product ∧ d C n of C n induced from the canonical action of GL n (C) on C n . It naturally induces the action of GL n (C) on the projective space P(
Now, we consider
where
n generated by e 1 ∧ · · · ∧ e d , and 0 denotes the origin in ∧ d C n . Next, for the maximal torus T in GL n (C), we consider (4.13)
and its action on ∧ d C n , where T acts naturally as a subgroup of GL n (C) and C * acts by the scalar multiplication on the vector space ∧ d C n . Then, aP l(d, n) is equipped with a K-action induced from the K-action on ∧ d C n . Finally, we choose a vector w := (w 1 , . . . , w n , r) ∈ Z n ≥0 ⊕ Z >0 and we define wD := {(t w1 , . . . , t wn , t r ) ∈ K | t ∈ C * }, the weighted diagonal subgroup of K with respect to the vector w. Then, the weighted Grassmannian wGr(d, n) is defined by the quotient
Notice that wGr(d, n) equips with the action of residual torus K/wD.
Example 4.12.
(1) Choose w = (0, . . . , 0, 1) ∈ Z n ≥0 ⊕ Z >0 , which defines wD = (1, . . . , 1, t) ⊂ (C * ) n+1 . The quotient space aP l(d, n) * /wD is the image of the standard Plücker embedding of Grassmannian Gr(d, n) into P(∧ d C n ). (2) Consider the case when d = 1 and choose an arbitrary weighted vector w = (w 1 , . . . , w n , r). Then, GL n (C)-orbit of the line Ce 1 is isomorphic to C n . Hence, aP l(1, n) * = C n \ {0}. Notice that the non-zero scalar multiple of the first column of GL n (C) generates the space C n \ {0}. Hence, the action of wD on C n \ {0} is given by (t w1 , . . . , t wn , t r ) · (z 1 , . . . , z n ) = (t w1+r z 1 , . . . , t wn+r z 1 ), which leads us to the weighted projective space CP n (w1+r,...,wn+r) . One natural way to describe a q-CW complex structure on wGr(d, n) is to use the classical Schubert cell decomposition of Gr(d, n). Let α = {i 1 < · · · < i d } be a subset of [n] := {1, . . . , n}. Then, a (d × n)-matrix of the following row echelon form represents a cell e α with dimension
The call e α is called the Schubert cell corresponding to the subset α. In the literature, a Young diagram corresponding to (i 1 − 1, . . . , i d − d) is used to describe e α . For example, if n = 10, d = 3 and α = {2 < 5 < 9}, the Schubert cell e {2,5,9} and the corresponding Young diagram are described below in Figure 6 . (1) The Young diagram as defined in [Ful97] has the weakly decreasing number of boxes in each rows. In this article, we use the weakly increasing number of boxes in each rows as a convention.
(2) The collection of Young diagram has an obvious partial order, namely two Young diagrams 1 ⊆ 2 if and only if 1 "fits" inside 2 .
Finally, the Schubert cell decomposition is given by (4.14) Gr(d, n) = Figure 7 . Lattice of Young diagrams and q-CW structure of wGr(2, 4).
The complex dimension of the cell e α is exactly the number of boxes in the corresponding Young diagram, and the information about attaching maps can be obtained from the partial order given by the inclusion relations among the Young diagrams.
In order to describe a q-CW structure for wGr(d, n), we note that the Schubert cell decomposition (4.14) together with the orbit map π : aP l(d, n) * → Gr(d, n) induces the following cell decomposition; π −1 (e α ).
Next, we recall from [AM15, Subsection 2.2] that each cell π −1 (e α ) is K-invariant, where K is defined in (4.13). Hence, the cell decomposition (4.15) descends to the cell decomposition of the weighted Grassmannian. e α /G α , where G α = {(t w1 , . . . , t wn , t r ) ∈ K | t ∈ C * , t wα = 1, w α = r + i∈α w i }.
Example 4.15. Consider the weighted Grassmannian wGr(2, 4) determined by the weight w = (w 1 , . . . , w 4 , r) ∈ Z 4 ≥0 ⊕ Z >0 . The lattice structure of Young diagrams and q-CW structure are described in Figure 7 . Here, G ij = {(t w1 , t w2 , t w3 , t w4 , t r ) | t ∈ C * , t r+wi+wj = 1}.
For example, when w = (1, 1, 1, 1, 1), for each {i, j} ⊂ [4], G ij ∼ = Z/3Z. Hence, from Theorem 1.1, we conclude that H * (wGr(2, 4); Z) has no p-torsion unless p = 3. In general, one can conclude from this observation that the cohomology ring of the weighted Grassmannian wGr(d, n), determined by the weighted vector of the form w = (1, . . . , 1, 1) ∈ Z n ≥0 ⊕ Z >0 , has no p-torsion unless p = d + 1.
An extension to more general q-CW complexes
In this section, we discuss general q-CW complexes which do not necessarily consist of even dimensional q-cells. Up to this point, the degree, in the sense of Definition 2.8 has played no role. In fact, let {(Y i , 0 i )} i=1 be a building sequence satisfying the assumption of Theorem 1.2. The attaching map which is a contradiction. Hence, we conclude that H ki−1 (Y i ) has no ptorsion elements.
Corollary 5.2. If X is a q-CW complex satisfying the assumption of Theorem 5.1 for each prime p, then H * (X; Z) has no torsion.
Corollary 5.3. Let {(Y i , 0 i )} i=1 be a building sequence for a q-CW complex X such that H * (Y i−1 ; Z) has p-torsion and gcd{p, |G j |} = 1 with e ki /G i = Y i \ Y i−1 for j > i. Then H * (Y i ; Z) has p-torsion, and hence H * (X; Z) has p-torsion.
Proof. This follows from (5.3).
